We raise and investigate the algorithmic complexity of the following problem. Given a graph G = (V; E) and p-element sets L(v) for its vertices v 2 V such that jL(u) L(v)j p + r for all edges uv 2 E, do there exist q-element subsets C (v) L(v) with C (u) \ C (v) = ; for all uv 2 E ? Here p; q; r are positive integers, p q and p + r 2q. We characterize precisely which triples (p; q; r) admit a polynomial solution, and for which ones the problem is NP-complete. Moreover, it is shown that for some restricted ranges of p and r with respect to q, the existence of subsets C (v) L(v) for every collection fL(v) j v 2 V g is closely related to Tur an's problem on uniform hypergraphs.
Introduction
Let p; q; r be natural numbers, and G = (V; E) a graph with vertex set V and edge set E. A The graph G is said to be (p; q; r)-choosable if it admits a q-set coloring for every (p; r)-assignment L.
For r = 0 and q = 1, we obtain the concept of p-choosable graphs, introduced by Vizing 15] The algorithmic aspects of list colorings have been investigated in several papers 3, 10, 5, 7] . In particular, the structure of 2-choosable (i.e., (2; 1; 0)-choosable) graphs can be characterized 3], and, as a consequence, they are easily recognizable in linear time. On the other hand, already the problem of (3; 1; 0)-choosability is p 2 -complete 3, 5]. For a given set L of lists, (2; 1; 0)-list coloring is decidable in linear time, while (3; 1; 0)-list coloring is NP-complete already on planar bipartite graphs of maximum degree 3 10] , and also on complete bipartite graphs 7] . In this note we analyze the complexity of the general problem with parameters p; q; r. In Section 2 we give a complete characterization of all triples (p; q; r) for which the existence of a q-set coloring can be decided in polynomial time for every pair (G; L) of a graph G and its (p; r)-assignment L. The necessary and su cient condition is that either p = r q or q + 1 p q r should hold (Theorem 2.2). Section 3 presents a partial result on (p; q; r)-choosability, giving a su cient condition for its solvability in linear time (Theorem 3.1). In that case, the close relationship between q-set choosability and a Tur an-type function in extremal hypergraph theory is pointed out. 2 The complexity of (p; q; r)-list colorings
In this section we study the following decision problem parametrized by ( xed) integers p; q; r: (p; q; r)-list coloring ( (p; q; r)-LC ) Instance: A graph G and a collection of lists, L = fL(u) j u 2 V (G)g such that (i) jL(u)j = p for every u 2 V (G), and (ii) jL(u) L(v)j p + r for every edge uv 2 E(G). Question: Is there an L-admissible q-set coloring of G, i.e., a collection C = fC(u) j u 2 V (G)g such that
(ii) jC(u)j = q for every u, and (iii) C(u) \ C(v) = ; for every edge uv 2 E(G) ?
Note that the question only makes sense for p q (if p < q, then no admissible coloring exists) and p r (if p < r, then there are no inputs satisfying (i{ii)). The following lemma is also straightforward, by de nition. Lemma 2.1 For every r 0 r, and for every p and q, (p; q; r)-LC / (p; q; r 0 )-LC.
The symbol / means that there is a polynomial transformation (a function, computable in polynomial time) which transforms every instance I of the rst problem into an instance I 0 of the second problem such that I is feasible i I 0 is feasible 4]. The complete discussion of the complexity of the (p; q; r)-list coloring problem is given in the following theorem and illustrated in Fig. 1 To show that b 2 C(u) for any coloring C, one may argue as follows. If b 6 2 C(u), then there must be at least one k q + 1 such that b k 2 C(u). Then for j = 1; 2; : : : ; p, b k 6 2 C(u k;j ) and for every j = 1; 2; : : : ; p, there is an h j q + 1 such that b(k; j; h j ) 2 C(u k;j ). It follows that the vertex u k;(h 1 ;h 2 ;:::;h p ) cannot obtain any color. It is easy to check that jL i j = p and jL i L j j p + r for all i; j 2 f1; : : : ; 4g and i = j + 1. Suppose C i has been selected from L i and jC i j = q. In this case, we consider the interval I 0 = fp + 1; : : : ; p + rg. Again we obtain that at least 2q ? p elements of C 2 and also of C 3 are contained in I 0 . Consequently, we have 4q ? 2p jI 0 j = r, a contradiction to the assumption 4q > 2p + r.
Lemma 3.3 If
(1) 2r p and q > r, or (2) 2r p and 3q > p + r, then the triangle K 3 is not (p; q; r)-choosable.
Proof. Denote the three lists on the vertices of K 3 by L 1 ; L 2 and L 3 . Case 1. 2r p and q > r Take 6 pairwise disjoint color sets T 1 ; T 2 ; T 3 ; S 1 ; S 2 ; S 3 with jT i j = 2r ? p and jS i j = p ? r for i = 1; 2; 3. De ne L 1 = T 1 S 1 S 2 , L 2 = T 2 S 1 S 3 and L 3 = T 3 S 2 S 3 . Notice that jL i j = p and jL i L j j = p + r for all i; j 2 f1; 2; 3g and i 6 = j. Furthermore, we obtain jL 1 L 2 L 3 j = 3r which should be at least 3q, a contradiction to the assumption. Case 2. 2r p and 3q > p + r In this case case, we take 4 pairwise disjoint color sets T; S 1 ; S 2 ; S 3 with jTj = p?2r and jS i j = r for i = 1; 2; 3. De ne L 1 = T S 1 S 2 , L 2 = T S 1 S 3 and L 3 = T S 2 S 3 . Notice that jL i j = p and jL i L j j = p + r for all i; j 2 f1; 2; 3g and i 6 = j. Furthermore, we obtain jL 1 L 2 L 3 j = p + r which should be at least 3q, a contradiction to the assumption. On the other hand, if there is an L i such that C contains fewer than 2q ?p elements from L n L i , then there are fewer than q colors available for v i and we cannot nish the coloring. Thus, the existence of a q-element subset of L which contains at least 2q?p elements from each of the r-element subsets L n L i is a necessary and su cient condition for the existence of an admissible q-set coloring. Consequently, there must be a (p ?q)-element subset S := L n C such that S contains at most r ? (2q ? p) elements from each of the d subsets L n L i .
Obviously, the existence of such a subset S can be guaranteed if and only if d < f(p; q; r).
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Combining Lemmas 3.2, 3.3 and 3.4, we obtain Theorem 3.1, since nding the value of f requires a constant number of steps for every xed p; q and r. 4 
Concluding remarks
We have de ned the general concept of (p; q; r)-list colorings of a graph for triples of positive integers p; q; r (p r, p + r 2q), and characterized those triples for which a polynomial-time algorithmic solution exists. The related problem where one asks whether every (p; r)-assignment fL(v) j v 2 V g admits a q-set coloring remains open in general. Our results show, however, that there is an in nite class of triples for which the (p; q; r)-list coloring problem (where the lists L(v) are also given) is NP-complete, while the (p; q; r)-choosability can be decided in linear time. Beside the characterization problem of polynomial instances for (p; q; r)-choosability, it would be also interesting to see whether the known results on (p; q)-choosability | e.g., its relationship with the fractional chromatic number, or conclusions of the kind \ (p; q)-choosability implies (pm; qm)-choosability for every m > 1 " | (cf. 1] and 13, 14] , respectively) can be extended in some way to (p; q; r)-choosability, too.
